Abstract. In this work, Further properties of bornological groups are studied to find the sufficient conditions to introduce a bornology on a group. In particular, we show that every left (right) translations in bornological groups are isomorphisms and therefore the bornological group's structures are homogeneous, and this property from the bornological group is not shared with bornological semigroups. Further, the boundedness of a bornological group can be deduced from its boundedness at the identity.
Introduction
A bornological structure is very useful to solve the problem of boundedness of set and function, that means to determine the limits of the area. The idea of the bornological group (BG) came from starting to solve the problem of boundedness of the group instead of a set of elements. BG is set with two structure group and bornology such that the product map and inverse map are bounded. Note that every group can be turned into a bornological group by providing it with the discrete bornology. However, the problem of existence of non-discrete bornologies on infinite groups which would make them into bornological groups. This problem was solved by [4] in 2015, by introducing new structure bornological semigroups (BSG). BSG can be easily dene by taken semigroup instead of the group and require the product map is bounded, the condition of a bornological semigroup is weaker than the condition of a bornological group, so the problem of boundedness for this kind of groups, which cannot bornologies because the inverse map is not bounded was solved. But here, in this paper, we deal with the problem to understand what the sufficient condition should be imposed on bornological set to bornologies any group by studying further properties of bornological group and the motivation to study this kind of properties is that every left (right) translation to be an isomorphism and therefore the bornological group structure is homogeneous. Thus, we solve the problem of which bornological condition on bornological set can bornologies any group. As well as, that left (right) translation is isomorphism just in bornological group. So, this structure is totally different from bornological semigroup (see Example 3.5). For more detail in bornological group we refer to ( [1] , [2] , [5] , [6] , [7] ).
Bornological Groups and Bornological Semigroups
In this section, we present some background material on bornological groups (BG) and bornological semigroups (BSG), the reader can consult ( [7] , [4] ). Definition 2.1. A bornological group is a set G with two structures:
(1) G is group; (2) G is a bornological set, such that these two structures are compatible as follows: 
and q is a positive rational number with * ∈ {∞, 2, 3, 5, ...} Let G be a bornological group and A, B any two bounded subsets of G, we denote the image of A × B under the product map G × G −→ G by AB = {ab : a ∈ A, b ∈ B}. Similarly, A −1 = {a −1 : a ∈ A} is the image of A under the inverse map. For g ∈ G there is the right translation map r g : G −→ G defined by r g (x) = x · g and the bijection map l g : G −→ G defined l g (x) = gx is called left translation by g. Example 2.3. The multiplicative group (C * , ·), endowed with the bornology induced by the usual bornology on C * it is not bornological group since the inverse operation
In the example, the second condition is not bounded, so we have a problem with this inverse function. So, we have to check if we delete this inverse function it will be a semigroup. That's why when we delete this inverse operation, this example and others come in. So, we give the concept of bornological semigroup. See the survey paper [4] for some results and for other reference.
Definition 2.4.
A bornological semigroup is a nonempty set S with two structures:
(1) S is a semigroup with a binary operation f : S × S −→ S; (2) S is a bornological set. Such that the function f is bounded.
Example 2.5. Let us consider the semigroup (N, +) and β be the family of all finite subsets of N. Then N is a bornological semigroup.
Note that the above example is bornological semigroup but not bornological group. The group with discrete bornology is both a bornological groups and bornological semigroups.
Example 2.6. (S 3 , •, β) is both BSG and BG. Definition 2.7. Let (X, β) and (Y, β ) be two bornological sets, a map f : X −→ Y is called isomorphism if it is bijective, and f, f −1 are bounded maps.
Further Properties of Bornological Groups
As we mention earlier a bornological group is a set with to structure group and bornology such that the product map f : G × G −→ G and the inverse map h : G −→ G are bounded.
In this section, an equivalent statement in terms of bounded set will now be presented. Definition 3.1. A group (G, * ) with bornology β is said to be a bornological group if for each g 1 , g 2 ∈ G and each bounded sets B 1 , B 2 containing g 1 , g 2 respectively, there is a bounded set B contains g 1 * g
Let G be a bornological group. The following maps are isomorphism from G to G for all g ∈ G (1) Every left translation l g and right translation r g in bornological group are isomorphisms
which it is the identity mapping, it follows that the inverse of l g is also bounded, that is, l g is an isomorphism of G onto itself. A similar argument applies in the case of right translation of G. For the inverse mapping: we know it is a bijection since G is a group (every element has a unique inverse), it is bounded by definition of a bornological group. The inverse map of the inverse map is it self, so it has a bounded inverse. Thus the inverse map is an isomorphism. finally, we have the automorphism map. This is a composition of two isomorphisms, x −→ ax and x −→ xa −1 , and is thus an isomorphism.
An immediate and useful result we get from this proposition is as follows. Corollary 3.3. Let G be a bornological group and g 1 , g 2 ∈ G, There exists an isomorphism f such that f (g 1 ) = g 2 .
Proof. From Proposition 3.2 we know that l g is an isomorphism for all g ∈ G. by letting f = r g −1 1 g 2 we get f (g 1 ) = g 2 as required. By Proposition 3.2, we find that in every bornological group G all right and left, translations are isomorphisms of G onto itself. However, a bornological set X is said to be homogeneous if, for each x, y ∈ X, there exists an isomorphism f of the space X onto itself such that f (x) = y. From Proposition 3.2, we obtain immediately, that bornological group structure is homogeneous space. Proof. Take any elements a and b in G, and put c = ba −1 . Then λ c (a) = ca = ba −1 a = b. Since, by Proposition 3.2, λ c is an isomorphism which implies that the space G is homogenous.
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Given a group G, it follows from Theorem 3.4 that to make G into bornological group, we can only use homogenous. So, one of the main features of homogeneous space is that they behave in some way at any point. It follows that if we Know how the bornology of bornological group behaves at the identity, we now this bornology everywhere. This observation suggests a certain approach to bornologies a group G, that means if bornological set is homogenous. So, it can bornologies every group to bornological group.
On the contrary, a bornological semigroup, even if it has identity, need not be homogenous, then the example below shows that Theorem 3.4 cannot be extended to bornological semigroup.
Example 3.5. Take the bounded unit interval J = [0, 1], and put xy = max{x, y} for all x, y ∈ J. Clearly, J with the canonical bornology and this product operation, is a bornological semigroup (with 0 in the role of identity). However, J is not a homogeneous space since no isomorphism of J takes, 0 to 1/2.
We describe here some simple facts on families of bounded sets in bornological groups. We start with the proposition which shows, in bornological groups there is an intimate relationship between the set of the form HB, where B is bounded and H any subset. Proposition 3.6. If G is a left bornological group then, for any bounded subset B of G and any subset H of G, the sets BH and HB are bounded.
Proof. Every left translation of G is an isomorphism, by Proposition 3.2. Since HB = h∈H l h (B), the conclusion follows.
A similar argument applies in the case when G is a right bornological group. So, if G is a left (right) bornological group then, for any bounded subset B of G and any subset H of G, the sets BH and HB are bounded.
We obtain immediately the following corollary.
Corollary 3.7. Suppose that a subgroup H of a bornological group G contained in a non-empty bounded subset of G. Then H is bounded in G.
Proof. Let B be a bounded subset of G with H ⊂ B. A left bornological group consists of a group G and a bornology β on G such that β is stable under hereditary. Then, the set H ⊂ B is bounded in G.
Theorem 3.8. Let f : G −→ H be a homomorphism, where (G, * , β G ) and (H, •, β H ) are bornological groups. If f is bounded map at the identity element e G of G, so f is bounded map on G.
Proof. let g ∈ G be an arbitrary element, and let B be a bounded set containing g in G.
Since the left translations in G are bounded map, there is a bounded set B 1 containing identity element e G of G such that
Since f is bounded map at e G of G, it follows the existence of a bounded set B 2 ⊂ H containing e H such that B 2 ⊂ f (B 1 ). But
is a bounded mapping, so that the set f (g) • B 2 is a bounded set containing g 1 = f (g), for which we have
Hence f is bounded map at g of G, and since g was an arbitrary element in G, f is bounded map on G Next we will discuss embeding of a group.
Definition 3.9. Given that for all α ∈ I we have G α = G, we denote the product
We can view G as the set of all maps from I to G.
Consider the element g ∈ G as g = (g λ 1 , g λ 2 , g λ 3 , ..., g λ i ...) we can associate this element with the function f g : I −→ G I that maps λ 1 to g λ i for all α ∈ I Proposition 3.10. Let G be a bornological group. There exists a bijection from G onto a subset of G G . This map is embedding of G.
Proof. Define map from G to G G by ψ r : g −→ r g and ψ l : g −→ l g . In this proof we will use ψ r but the left translation also work. In the beginning, we have to show that ψ r is injective, so assume that ψ r = ψ l for some x, y ∈ G. It follows that r x = r y , so gx = gy for all g ∈ G, multiplying by g −1 on the left gives us x = y as required. Then ψ r : G −→ ψ r (G) is a bijection. We call ψ r and ψ l the right and left canonical embedding of G into G G .
Conclusion
This paper deal with study to understand what conditions should be imposed on bornological set to guarantee that the bornological set will turn group into (BG). As well as, the main important results, that is, in every bornological group all right (left) translation are isomorphisms and so bornological group structure is homogeneous. Thus, we solve the problem of which bornological condition on bornological set can give a natural way to bornologies any group onto (BG). Furthermore, In contrast with bornological group, we show bornological semigroup is not homogenous space. 
